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          Outline!
-  General introduction of earthquakes and their physical mechanism  

-  Dislocation theory and practical computations  

-  Seismic data and Geodetic sensors capable of measuring earthquake  
coseismic deformation  

-  GRACE and Slepian function localization  

-    Examples of the great earthquakes detection and inversion by InSAR, 
GPS, GRACE "



Earthquakes And Their Physical Mechanism  

Faults are fractures in the crust, usually found along plate boundaries.	


The three different stresses upon the crust result in fractures of three different types:	

a) tension stress - normal fault - hanging wall slides down/footwall slides up	

b) compression stress - reverse fault - hanging wall slides up/footwall slides down	

c) torsion (twist) stress - strike slip fault - ground moves past itself	
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Coseismic deformation	
Faulting parameters	
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Coseismic Deformation Modeling	

1.  Okada [1992] 	

Modeling internal/surface deformation due to shear and 
tensile faults in a homogeneous half-space.	

 2. Rongjiang Wang	

Modeling co- and post-seismic deformation, geoid, and 
gravity changes based on the viscoelastic-gravitational 
dislocation theory	

3. Wenke Sun	

Dislocation theory surface potential and gravity changes due 
to internal dislocations in a spherical, layered earth.	

4. Pollitz [1996]	

Coseismic deformation from earthquake faulting on a layered 
spherical earth.	


Interesting studies: 
1. Half-space vs. Spherical model 
2. Homogeneous vs. layered model 
3. Dislocation theory vs. Normal mode  



Coseismic gravity/gravity gradients changes modeling	


(1) perturbation to the density field . Here  is the dislocation vector of 
each integral point on the fault plane.	

(2) the surface mass density that accompanies the uplift/subsidence of 
the ground. 	

(3)attraction of matter with density  that intrude into the cavity by tensile 
fracturing.	


1.  Analytical method.  Green’s function	

2.  Numerical method.	


JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 97, NO. BS, PAGES 7137-7144, MAY 10, 1992 

Gravity and Potential Changes due to Shear and Tensile Faults in a Half-Space 

Stt•t• O•vno 

Earthqua/• Research Institute, Uni•rsi• o•To•2o, Jat•n 

Analytic expressions derived from a simplified model are invaluable because they often provide deep insight 
into geophysical phenomena. Such is the case with petential and gravity changes. Here we present expressions 
of potential and gravity changes caused by faulting on a finite rectangular plane buried in a 
homogeneous half-space. The expressions can be used to evaluate coseismic changes in surface gravity and 
geoid height. Observed gravimetric data combined with our formulae thus provide constraints on the fault 
geometry and magnitudes of dislocation. 

LNTRODUCTION 

Earthquakes are often modeled as dislocations on a rectangular 
plane in a homogeneous half-space. In the model presented here, 
theoretical displacements, tilts, and strains are successfully 
derived in analytic forms [Okada, 1985]. Although the 
assumption is rather simple (no curvature of the Earth nor 
heterogeneity), these expressions prove quite powerful in 
analyzing observed coseismic crustal deformations. 

To our regret, however, such analytic formulae have so far 
never been given to gravity and its potential except for the work 
by Savage [1984] on the gravity changes in several special cases; 
strike-slip faulting on a vertical fault, slip on an inf'mitely long 
fault and so on. More general expressions on gravity change Ag 
due to faulting on a finite plane with an arbitrary dip angle are 
useful in estimating fault parameters because significant gravity 
changes have been reported after large earthquakes. 

On the other hand, the formulae on the potential change have 
an interesting field of application; they enable us •o compute a 
change in the geoid height after an earthquake (potential decrease 
divided by the normal gravity). Since the sea surface is by its 
very nature close to the geoid, satellite altimetry provides 
excellent data of the geoid height. In the near future, the geoid 
height change will thus become an important geodetic observable 
to study the source processes of earthquakes under the sea, and 
satellite altimetry will eventually play the part of leveling on 
land; it will show us the "permanent deformation" of the geoid 
instead of the ground. 

In this paper, we will present theoretical formulae on gravity 
and potential changes. Recent results on gravity and potential 
changes due to point dislocations motivated our study [Okubo, 
1991]. We will integrate the contributions from point sources 
over a rectangular plane buried in a homogeneous, isotropic half- 

Let us begin with the deformation field u caused by a point 
dislocation. Suppose that it is buried at (0, 0, •s) in a 
homogeneous, isotropic and perfectly elastic half-space of density 
p defined by the Cartesian frame shown in Figure 1. We take 
n -- (nl, •, •3) and All = (•, Au•,/•s) as a normal vector to the 
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infinitesimal fault of area d2• and a dislocation vector, 
respectively. 

Okubo [1991] presented the formulae on the total gravity 
potential change A•F. His theory includes the effects of 
(1) perturbation to the density field -p V.u, (2) the surface mass 
density pAh that accom•es the uplift/subsidence of the ground 
Ah, and (3) atffnction of matter with density p' that i_nl•ades into 
the cavity by tensile frscuging. 

A•F at r = (x•, x•, xs < 0) (i.e., outside the medium) is shown to 
be 

a? (r; •) = a?•J (r; •) au• njd27, (1) 
where the summation convention holds from now on. The tensor 
elements A•l'ij are given as 

AVlI(r; •)= pG• [R 1 (•+•-x•) 

R 

x?(• + •-x• )] 

(2) 

Aqn•(r; •) = pG •(x•--•) P • , (3) R s R 

•x•x•(2R+•x•) 
a?•(r; •) = - pG , (4) 

R • (R+•x•) • 

a?•a(r; •)= t•g• • ' (•) 

where G is Newton's constant, v is Poisson's ratio, and 

The elements unseen above can be derived as follows: 

(6) 

A•pJi(r; •s) = A•pij(r; •s), (7) 
a•x•, xz, x•; •) = a?•(xz, x•, x•; •), (s) 

Later we will need the potential change A¾ free from the 
single-layer potential due to the uplift/subsidence of the ground; 
it is the potential raised solely by redistribution of mass within 
the medium. It is written as 

Av(r; •) = PGIv V ß U ( r' ) d•- p'G ! Au• rn dZ Ir-r'l Ir-l 
---- Axpij (r; •) Aui n• dZ. (10) 

7137 



Coseismic gravity changes  
due to uplift/subsidence 

Coseismic gravity changes  
due to dilatation  
(internal density changes) 

[Han et al., 2006, Science]	


to be known. Assuming an elastic half-space
(16, 17), the fault slip data were used to model
the uplift and subsidence at the sea floor and
at the Moho (18), where large density contrasts
exist. The computed topography changes for
both levels were used to predict the gravity
changes at sea level (Fig. 3, A to C) Esee the
supporting online material (SOM) for the
formalism of computing gravity changes due
to vertical displacement at sea level^. We then

applied Gaussian smoothing to the computed
gravity from the model (15), with averaging
radii of 300 km in longitude and 200 km in
latitude (19), to be commensurate with the
spatial resolution of the GRACE observations.

The larger positive gravity change (Fig. 3A)
is due to the dominant up-warping of the hang-
ing wall and the density contrast at the sea

floor, which is three to four times larger than
that at the Moho. The negative gravity change
is due to the (smaller) down-warping of the
hanging wall (Fig. 3A) and subsidence of the
foot wall at the Moho (Fig. 3B). The resulting
largely positive gravity change due to vertical
displacement (Fig. 3C) cannot fully explain the
negative components also seen in the GRACE
observations (Fig. 2). There must be another
mechanism causing the large negative signals
in the GRACE observation.

We considered the internal mass redis-
tribution (density change caused by dilatation
of a compressible Earth) due to the earthquake.
With the strains computed using the seismic
model, we calculated the density changes by
multiplying the sum of the normal strains (that
is, the divergence of the displacement field) by
the density at the corresponding depth. Assum-
ing that there are two distinct densities for the
crust and the mantle (fig. S1), the respective
gravity changes due to density changes in the
crust and the mantle were calculated separately
(SOM). The negative gravity change in the crust
(Fig. 3D) is primarily due to the expansion
caused by horizontal (mostly in the east-west
direction) and vertical motions of the sea floor.
The gravity change caused by the compression
in the mantle (Fig. 3E) is due to down-warping
of the subsurface. The total gravity effect of the
density change (Fig. 3F) shows negatives around
the faults and smaller positives over the sur-
rounding regions and variations along the strike.

Fig. 3. Predicted grav-
ity changes (in mGal)
from a seismically de-
rived dislocation model
(15), caused by (A) up-
lift and subsidence at
the sea floor, (B) uplift
and subsidence at the
Moho, (C) the total ef-
fect of vertical displace-
ment [that is, (A) þ
(B)], (D) expansion with-
in the crust, (E) compres-
sion within the mantle,
and (F) the total effect of
dilatation [that is, (D) þ
(E)]. Smoothing radii of
300 km in longitude
and 200 km in latitude
were used.

Fig. 2. Gravity changes (inmGal) after the Sumatra-
Andaman earthquake, computed from averaging
and filtering the two gravity changes between two
different time periods (Fig. 1, E and F).

Fig. 4. Predicted coseismic gravity changes (in
mGal) from the seismic model (15), inferred by
combining vertical displacement (Fig. 3C) and dil-
atation (Fig. 3F). The seven fault planes used in
the seismic model are shown (see fig. S4 for a
detailed description).
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Coseismic gravity gradients changes due to uplift/subsidence 



Coseismic gravity gradients changes due to dilatation 



Geodetic Sensors Capable of Measuring ���
Coseismic Deformation ���

GPS (Global Positioning Systme)	




AIRA Preliminary Coseismic Displacements from March 11, 2011 	

Sendai-Oki Earthquake 	




Synthetic Aperture Radar (SAR)	

• Microwave imaging system (cm to dm wavelength)	

• Cloud penetrating capability	

• Active system -- Day and night operational capability	


Interferometric SAR or  ‘InSAR’: exploits the phase difference of at 
least two Complex-valued SAR images acquired from different orbit 
positions and/or at different times. Accurately measure the radiation 
travel path. Measurements of travel path variations as a function of the 
satellite position and time of acquisition allow generation of Digital 
Elevation Models (DEM) and measurement of centimetric surface 
deformations of the terrain.  	


Geodetic Sensors Capable of Measuring ���
Coseismic Deformation ���



Ascending tracks  

Descending tracks  

Radar interferometry from the ALOS satellite 
caputred the coseismic ground deformation 
associated with the 2010 Mw 8.8 Maule, Chile 
earthquake.	


[Tong et al., GRL 2010]	


Geodetic Sensors Capable of Measuring ���
Coseismic Deformation ���

 177 

Figure S1. Unwrapped, subsampled, and calibrated InSAR line-of-sight (LOS) 178 

displacements and their residuals. Positive LOS displacement indicates ground motion 179 

toward the radar. a) Ascending LOS displacement. b) Descending LOS displacement. c) 180 

Model residuals of the ascending LOS displacement.  d) Model residual of the 181 

descending LOS displacement. The two black lines (N transect and S transect) mark the 182 

locations of profiles shown in Figure 2a and Figure 2b. The black box in subplot a) shows 183 
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(ALOS) [Shimada et al., 2010] in conjunction with mea-
surements obtained from thirteen continuously operating
GPS (CGPS) stations (see auxiliary material).1 Following the
Maule, Chile earthquake, the Japan Aerospace Exploration
Agency (JAXA) conducted high priority observations using
Fine Beam Single Polarization (FBS) strip‐mode SAR along
ascending orbits and burst‐synchronized ScanSAR along
descending orbits. The improved coherence at L‐band
along with systematic pre‐ and post‐earthquake acquisitions
yielded excellent coseismic InSAR coverage of a 630 km by
150 km area of ground deformation (Figure 1). The inter-
ferograms were analyzed frame‐by‐frame using the same
local earth radius and spacecraft ephemeris to ensure along‐
track phase continuity (see Table S2 of the auxiliarymaterial).
We used the line‐of‐sight (LOS) displacement from both
ascending and descending orbits to distinguish between
horizontal and vertical deformation. We processed track
T422‐subswath4 (T422‐sw4) using newly developed FBS
to ScanSAR software following the algorithm of Ortiz
and Zebker [2007] and track T422‐subswath3 (T422‐sw3)
using our ScanSAR‐ScanSAR processor, which is part of the
GMTSAR software [Sandwell et al., 2008; Tong et al., 2010].
The ScanSAR to strip mode interferograms along track
T422‐sw4 are critical for recovering the complicated defor-
mation near the shoreline from the descending orbits.
[5] An examination of the raw phase data reveals an

interesting feature in the coseismic surface deformation: the
dashed black line on the ascending interferograms (Figure 1a)
marks a boundary where the phase gradient changes
remarkably, reflecting that the coseismic slip stopped at
∼150 km from the trench axis (i.e., ∼40 km depth for a fault

with 15° dip angle). At a similar distance from the trench,
the descending interferograms exhibit a phase minimum
(Figure 1b). Both of these features are diagnostic of the sur-
face deformation immediately above the downdip extent of
the megathrust [Savage, 1983]. The different signatures seen
in the ascending and descending interferograms are due to the
difference in the radar LOS vectors.
[6] As interferograms are only able to detect relative

movement, GPS vectors are important for providing abso-
lute measurements of displacement and constraining the
overall magnitude of slip [Fialko et al., 2001]. Near‐field
3‐component GPS displacement vectors in this region pro-
vide independent constraints on the fault slip model. We did
not include GPS measurements that are beyond ∼300 km
from the coast of the Maule, Chile region. Adding the far‐
field GPS sites should not change the features of our slip
model in the depth of 15–45 km because the geometric
attenuation would cause all the far‐field GPS measurements
to be largely sensitive to the long wavelength part of the
model. Methods used for unwrapping the interferograms and
adjusting the absolute value of range change to the GPS
measurements are discussed in the auxiliary material. We
found that it was not necessary to remove a ramp from
the interferograms in order to achieve the 10 cm uncertainty
assigned to the digitized InSAR measurements.
[7] The LOS displacement ranges from 1 cm to 418 cm

along ascending orbits (820 data points) and −374 cm to
15 cm along descending orbits (1112 data points). The
maximum LOS displacement along the ascending tracks
is near the Peninsula in Arauco, Chile while the maxi-
mum negative LOS displacement along the descending track
is north of Constitución (see Figure S1 of the auxiliary
material). Profiles of LOS displacement (Figures S2a
and S2b) show that the characteristic inflection points at

Figure 1. (a) Nine tracks of ascending interferograms (FBS‐FBS mode) and (b) two tracks of descending interferograms
(two subswaths of ScanSAR‐ScanSAR mode and ScanSAR‐FBS mode, and one track of FBS‐FBS mode). The bold white
arrow shows the horizontal component of the line of sight look direction. The nominal look angle from the vertical is 34°.
The wrapped phase (‐p to p) corresponds a range change of 11.8 cm per cycle). The white star indicates the earthquake epi-
center. The black triangles show the locations of the 13 GPS sites used in the inversion (4 sites are outside of the map bound-
aries). Solid black line shows the surface trace of the simplified fault model and the dashed black line marks the 40‐km depth
position of the fault for a 15° dip angle. The bold red arrow shows the interseismic convergence vector.

1Auxiliary materials are available in the HTML. doi:10.1029/
2010GL045805.
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ENVISAT Asar：	

wavelength: 5.6 cm	

incidence angle: 40.6520o	

width: 4695, lines: 8784	

heading: -170.0188370o	


Three tracks:	

2011. 02. 19 ~ 2011. 03. 21,	

2011. 03. 02 ~ 2011. 04. 01,	

2011. 02. 08 ~2011. 04. 09	


Geodetic Sensors Capable of Measuring ���
Coseismic Deformation ���

March 11, 2011 	

Sendai-Oki Earthquake 	




Alos Palsar:	


wavelength:  23.6 cm 	

incidence angle: 38.79o	

heading: -169.994412o	
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GRACE: 
-  Launch: March 2002 
-  Altitude: 470 km 
-  Separation distance: 220 km 
-  Inclination: 890 

-  KBR Precision ~ 1 µm JPL 

Geodetic Sensors Capable of Measuring ���
Coseismic Deformation ���



Coseismic deformation from GRACE 
I. Regional solution 

GRACE Regional Gravity Inversion Based on Energy 
Conservation!

! 

˙ ˜ " 
12

=
1

˙ x 
1

V
12

+
1

˙ x 
1

E
12

F
+

1

˙ x 
1

E
12

R #
1

˙ x 
1

˙ x 
1
$ ˙ x 

12
#

1

2 ˙ x 
1

˙ x 
12
$ ˙ x 

12
+ e

12
$ ˙ x 

12
 + const + %

In situ disturbance  

potential 

Frictional energy 

(accelerometer/star camera) 

Rotational energy  

(GPS) 

KBR range-rate 
From GPS 

• Jekeli (1999) and Han et al. (2005)!

• GRACE L1B data and precise orbit used.  
!V12 (relative to GGM01C) is estimated 

with inter-satellite orbit and other 
parameters (KBR & accelerometer biases)!

• 0.008 m2/s2 !V12 " 1 mm geoid change!

-80 -60 -40 -20 0 20 40 60 80
-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

latitude, !

"
 
V1

2 
[
m2/
s2]

"V
12

 estimated from L1B w/ KBRR

"V
12

 predicted from L2

"V
12

 estimated from L1B w/o KBRR

 !V12 over Amazon basin 
versus latitude (GRACE 
descending pass)!

GRACE Regional Gravity Inversion Based on Energy 
Conservation!

! 

˙ ˜ " 
12

=
1

˙ x 
1

V
12

+
1

˙ x 
1

E
12

F
+

1

˙ x 
1

E
12

R #
1

˙ x 
1

˙ x 
1
$ ˙ x 

12
#

1

2 ˙ x 
1

˙ x 
12
$ ˙ x 

12
+ e

12
$ ˙ x 

12
 + const + %

In situ disturbance  

potential 

Frictional energy 

(accelerometer/star camera) 

Rotational energy  

(GPS) 

KBR range-rate 
From GPS 

• Jekeli (1999) and Han et al. (2005)!

• GRACE L1B data and precise orbit used.  
!V12 (relative to GGM01C) is estimated 

with inter-satellite orbit and other 
parameters (KBR & accelerometer biases)!

• 0.008 m2/s2 !V12 " 1 mm geoid change!

-80 -60 -40 -20 0 20 40 60 80
-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

latitude, !

"
 
V1

2 
[
m2/
s2]

"V
12

 estimated from L1B w/ KBRR

"V
12

 predicted from L2

"V
12

 estimated from L1B w/o KBRR

 !V12 over Amazon basin 
versus latitude (GRACE 
descending pass)!



1Geodetic Science, School of Earth Sciences, The Ohio State University, Columbus, Ohio 43210, USA. wang.115@osu.edu, ckshum@osu.edu, duan.29@osu.edu 
2Deutsches Geodätisches Forschungsinstitut, Alfons-Goppel-Str.11, Muenchen 81829, Germany. schmidt@dgfi.badw.de 
3Jet Propulsion Laboratory, 4800 Oak Grove Drive, Pasadena, CA 91109. Dah-ning.yuan@jpl.nasa.gov, mmw@cobra.jpl.nasa.gov 

AGU Fall Meeting 2008, 15-19 December, San Francisco, USA 

ABSTRACT Number :G13A-0629 

Studies of GRACE Gravity Field Inversion Techniques 
Lei Wang1, C.K. Shum1, Jianbin Duan1, Junyi Guo1, Michael Schmidt2, Dah-Ning Yuan3 , Michael M.Watkins3   

   1. Introduction 
       The geophysical inverse problem using satellite observations, such as GRACE, to estimate gravity 

change and mass variations at the Earth’s surface is a well-known ill-posed problem.  Different 
methods using different basis function (representing the gravity field) for different purposes (global or 
regional inversion) have been employed to obtain a stable solution, such as Bayesian estimation with 
prior information, the repro-BIQUUE of variance components and iterative least-squares estimation 
with simultaneous updating of a prior covariance, and to achieve enhanced spatial resolutions. The 
gravity field representation methods include spherical harmonics, regional gridded data (including 
mascons), and various wavelet representations (e.g. Blackman band-limited regional wavelets).  
Finally, the use of data types (KBR range, range-rate, range rate-rate) and data-generation methods 
(e.g., nonlinear orbit determination and geophysical inverse approach, energy conservation principle, 
etc) could also reflect relative inversion accuracy and the content of signal spectra in the resulting 
solution.  In this contribution, we present results of a simulation experiment, which used various 
solution techniques to quantify the relative advantage and disadvantage of each of the techniques. 

2. Method  to estimate continental water storage change  
2.1 Estimate global continental water storage change from GRACE gravity potential difference 
   The formula for estimating continental water mass based on the global geopotential coefficients 
estimate is well established (e.g. Wahr et al. 1998) and widely used, usually, a Gaussian filter or 
destripping techniques have been used to mitigate the high-frequency errors caused by higher 
degree/order coefficients. 
2.2 Land-signal leakage correction 
   The typical Gaussian filter/destripping can efficiently suppress the errors existing in high degree/
order coefficients of GRACE gravity field, however, could cause the signal leakage between land and 
ocean. We propose an algorithm to repair leakage (Guo et al., 2008, GJI in press).   
i) Assuming the signal in ocean is much smaller than the signal on land, we can rescale the globally 
filtered signal on land back to the value without leakage, based on mathematical relationship. 
ii) By filtering the “leakage-less” data obtained in step (i), we can estimate how much signal has 
leaked into the ocean,  then remove the estimated leakage from the globally filtered data over the 
ocean region to recover the signal over the ocean area minimizing the land leakage. 

The observation equation is: 
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3. Estimate continental water storage change regionally 
3.1 Estimate continental water storage change from in situ geopotental difference 
   In situ geopotential differences can be estimated using satellite-to-satellite K-Band range (KBR) 
rate data, hence to estimate temporal gravity field (Jekeli, CMDA, 1999; Han et al, JGR, 2006). 

3.2 Solving the ill posed problem 
   Improperly posed problems appears in the recovery of surface water change from the in situ 
geopotential difference. One way to solve the ill-conditioned problem is Tikhonov-type regularization. 
The key problem in the regularization is how to properly determine the regularization parameter. In 
our simulation study, three regularization methods have been tested. 
i) Bayesian inference on variance components (Koch & Kusche, JoG, 2002) 
ii) Iterative L-squares estimation via simultaneous updating of covariance (Han et al., GRL, 2005) 
iii) Optimal regularization factor via formulas for the repro-BIQUUE of variance components   
(Schaffrin, JoG, 2005) 
iv) Employ variance component estimation (VCE) using semi-variogram functions (future work) 

Figure 1: Raw data from NCEP/NCAR Figure 2: Global solution [without smoothing ] 

Figure 3: Global solution [Gaussian smoothing with radius 400km] 

Figure 5: Global solution [Gaussian smoothing with radius 400km+leakage repair] 

Figure 7: regional solution using geopotential difference and   
               Bayesian inference on variance component  

Figure 9: regional solution using geopotential difference and iterative least-square  
               estimation with simultaneous updating of the a-priori covariance 

Figure 11: regional solution using geopotential difference and  an optimal regularization  
factor via formulas for the repro-BIQUUE of variance components  
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6. Conclusion 
i) The land-leakage algorithm is shown to be effective to improve global solutions in the coastal area.  
ii) Power spectral density (PSD) comparisons indicate that in regional solutions from in situ 
geopotential differences can achieve higher resolution than the smooth global solution. 
iii) The spherical wavelet solutions perform the best based on the recovered signals (i.e., differences 
between the “truth” and the solution), but show less power beyond degree 30 than regional solutions. 
iv) By comparing the geographical maps and PSDs, it is shown that all the other regional solutions 
perform better than the Bayesian inference with variance components, in terms of “recovered” signals 
and power.  However, it is evident, and for example, the repro-BIQUUE regularization method have 
excessive power in higher degrees. 
v) For future studies, covariance matrix will be computed by using empirical semi-variogram function 
which is fitted to empirical semi-variogram values to apply to various solution methods. 
vi) We will extend the study to include model errors and the “mascon” GRACE solution method.  

Result (Monthly water thickness change with respect to Jan 2003)  
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Figure 16: Square root of PSD of estimated water height changes. Blue: “truth”; Red: 
global solution  (400km Gaussian filtered); Yellow: Bayesian inference on variance 
components; Blue light: wavelet reconstruction; Black: Optimal regularization factor 
using repro-BIQUUE of variance components; Green: Iterative least-squares 
estimation with simultaneous updating of a priori covariance  

Figure 13: regional solution using geopotential difference and  a Blackman wavelet  
function with highest level equals to 4. 

Figure 15: detail signals of level i=0,1,2,3,4 for June & July 2003, each detail  
signal means a band-pass filtered version of the continental water storage.  Here, 

level 0 and 1 are not estimated 

Figure 4: the differences between  raw data and global solution [Gaussian 
smoothing with radius 400km] 

4. Spherical Wavelet Regional Solution 
  Spherical wavelet solution recover spatial-temporal water storage variation using GRACE in situ 
geopotential differences have been demonstrated (Schmidt et al, GRL, 2006). The Blackman wavelet 
scale function with a basis function is chosen to be 2.3.  
   Various detail signals (Fig. 15) are estimated for the corresponding levels, the detail signal  level 2 
contains signal from degree 3 up to degree 12, for level 3 and level 4, the corresponding signals are 
from degree 6 up to degree 27 and from 12 up to 64 respectively. We calculated water storage 
variation over the South America from combination of level 2 to 4 detail signals with temporal 
resolution of 10 days to 1 month.  In this study, level 0 and 1 are not estimated (Fig. 15) as their 
estimates need global data (Schmidt et al., 2006). 
 

Figure 6:  the difference between raw data and global solution [Gaussian smoothing 
with radius 400km+leakage repair] 

Figure 8:  the difference between raw data and regional solution using geopotential  
difference and   Bayesian inference on variance component  

Figure 10:  the difference between raw data and regional solution using geopotential 
difference and iterative least-square  estimation with simultaneous updating of the a-
priori covariance 

Figure 12: the difference between raw data and regional solution using an optimal 
regularization factor via formulas for the repro-BIQUUE of variance components  

Figure 14: the difference between raw data and regional solution using geopotential 
difference and  a Blackman wavelet function with highest level equals to 4. 
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5. Potential difference simulation  
  One year of daily continental water storage from NCEP/NCAR Reanalysis (http://www.cdc.noaa.gov) 
model data is used in our study. For each grid point, the monthly mean value is computed, and the 
water storage change is estimated by subtracting the mean value of the first month from each monthly 
mean. The daily gridded data are transformed into corresponding Stokes’ coefficients up to degree 
and order 90, and added to EGM96 to establish a simulated temporal gravitational field “truth” (no 
noise added) used to generate daily perturbed orbits of GRACE twin satellites.  
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Coseismic Deformation From GRACE 
I. Regional solution 



The Slepian functions are a family of band-limited spherical harmonic expansions that have the 
majority of their energy in the space domain concentrated within an arbitrary region on the unit 
sphere. 	


Coseismic deformation from GRACE 
II. Spatio-spectral Localization Using Slepian Basis Function 

Efficient analysis and representation of geophysical processes
using localized spherical basis functions

Frederik J. Simonsa, Jessica C. Hawthornea and Ciarán D. Begganb

a Department of Geosciences, Princeton University, Guyot Hall, Princeton, NJ, USA
b School of GeoSciences, University of Edinburgh, Grant Institute, Edinburgh, UK.

ABSTRACT
While many geological and geophysical processes such as the melting of icecaps, the magnetic expression of

bodies emplaced in the Earth’s crust, or the surface displacement remaining after large earthquakes are spatially
localized, many of these naturally admit spectral representations, or they may need to be extracted from data
collected globally, e.g. by satellites that circumnavigate the Earth. Wavelets are often used to study such
nonstationary processes. On the sphere, however, many of the known constructions are somewhat limited. And
in particular, the notion of ‘dilation’ is hard to reconcile with the concept of a geological region with fixed
boundaries being responsible for generating the signals to be analyzed. Here, we build on our previous work on
localized spherical analysis using an approach that is firmly rooted in spherical harmonics. We construct, by
quadratic optimization, a set of bandlimited functions that have the majority of their energy concentrated in an
arbitrary subdomain of the unit sphere. The ‘spherical Slepian basis’ that results provides a convenient way for
the analysis and representation of geophysical signals, as we show by example. We highlight the connections to
sparsity by showing that many geophysical processes are sparse in the Slepian basis.

Keywords: spectral analysis, spherical harmonics, statistical methods, geodesy, inverse theory, satellite geodesy,
sparsity, earthquakes, geomagnetism

1. THE SPHERICAL SLEPIAN BASIS
We denote the colatitude of a geographical point r̂ on the unit sphere surface Ω = {r̂ : ‖r̂‖ = 1} by 0 ≤ θ ≤ π and
the longitude by 0 ≤ φ < 2π. We use R to denote a region of Ω, of area A, within which we seek to concentrate
a bandlimited function of position r̂ = (θ, φ). We use orthonormalized real surface spherical harmonics,1, 2 thus
expressing a square-integrable real function f(r̂) on the surface of the unit sphere as

f(r̂) =
∞∑

l=0

l∑

m=−l

flmYlm(r̂), flm =
∫

Ω
f Ylm dΩ, and

∫

Ω
YlmYl′m′ dΩ = δll′δmm′ . (1)

The Slepian basis for the domain R is the collection of bandlimited functions

g(r̂) =
L∑

l=0

l∑

m=−l

glmYlm(r̂) for which λ =
∫

R
g2(r̂) dΩ

/ ∫

Ω
g2(r̂) dΩ = maximum. (2)

Maximizing equation (2) leads to the spectral-domain Hermitian, positive-definite eigenvalue equation

L∑

l′=0

l′∑

m′=−l′

Dlm,l′m′gl′m′ = λglm, with Dlm,l′m′ =
∫

R
YlmYl′m′ dΩ, 0 ≤ l ≤ L, (3)

but we may equally well rewrite eq. (3) as a spatial-domain eigenvalue equation:

∫

R
D(r̂, r̂′) g(r̂′) dΩ′ = λg(r̂), with D(r̂, r̂′) =

L∑

l=0

(
2l + 1

4π

)
Pl(r̂ · r̂′), r̂ ∈ Ω, (4)

where Pl is the Legendre function of integer degree l, which arises in this setting as a consequence of the spherical
harmonic addition theorem.1–3 Eq. (4) is a homogeneous Fredholm integral equation of the second kind, with
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The first 9 bandlimited (maximum degree 
L = 60) Slepian basis functions for the 
circularly symmetric region with a radius 
φ = 10o centered on the epicenter of the 
2010 offshore Maule earthquake. 	
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Another Example:	

Optimally localized Slepian functions 
concentrated within a circularly symmetric 
domain of colatitudinal radius φ = 18o. The 
bandwidth is L=72 and the rounded 
Shannon number N = 30. 	
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Figure 1. Bandlimited eigenfunctions g(θ,φ) that are optimally concentrated within a circularly symmetric domain of
colatitudinal radius Θ = 18◦ centered on θ0 = 85◦ and φ0 = 18◦. The bandwidth is L = 72 and the rounded Shannon
number N = 130. The circle denotes the cap boundary. Blue is positive and red is negative and the color axis is symmetric,
but the sign is arbitrary; regions in which the absolute value is less than one hundredth of the maximum value on the
sphere are left white.
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‘Sparsity’ by using Slepian analysis 

s(r) = slmYlm (r)
m=!l

l

"
l=0

L

" = s!g! (r)
!=1

(L+1)2

" # s!g! (r)
!=1

N

" ,

When the signal of interest is spatially localized, and the Slepian basis designed to be concentrated inside 
of the same target region, the signal can be very well approximated by a truncated Slepian expansion 
limited to the first N, the Shannon number, terms:	


The sparsity that results from 
expanding localized geophysical 
signals in a Slepian basis. (a) Model-
predicted coseismic gravity changes, 
band-limited to spherical harmonic 
degree and order 100 and (b) the 
corresponding 10,201 spherical 
harmonic expansion coefficients. (c) 
An approximation of the same signal 
using the N  = 77 best-localized 
Slepian functions concentrated to a 
circular region centered at the 
epicenter with radius of 10o, and (d) 
their Slepian expansion coefficients, 
using the same color scheme.  
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The top-ranked Slepian basis functions on circular concentration regions, fortuitously, match the patterns themselves 
of the geopotential perturbation generated by coseismic deformation. Using normal-mode theory, the first-order 
Eulerian gravitational potential perturbations in a spherically-symmetric non-rotating Earth due to a variety of 
earthquake focal-mechanism end-members corresponding to monopole, dipole, and quadrupole sources, form patterns 
that are similar to the shape of some of the  best-concentrated Slepian functions on symmetric spherical caps 	


‘Sparsity’ by using Slepian analysis 



Ja
pa

n 
tre

nc
h	


Pacific plate	


North America Plate	

Occurred at plate boundary off Miyagi prefecture	


Focal region from distribution of aftershocks:	

Length : ~ 500km ;    Width : ~ 200km 	


Thrust faulting on the subduction zone plate 
boundary between the Pacific and North America 
plates	


Tectonic Setting of Tohoku-Oki Earthquake	
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Displacement Above the Hypocenter
of the 2011 Tohoku-Oki Earthquake
Mariko Sato,1* Tadashi Ishikawa,1 Naoto Ujihara,1 Shigeru Yoshida,1 Masayuki Fujita,1

Masashi Mochizuki,2 Akira Asada2

On11March 2011, a large interplate earth-
quake [moment magnitude (Mw) = 9.0]
occurred at the plate boundary off Miyagi

Prefecture, northeastern Japan. The focal region
inferred from the distribution of aftershocks
stretches about 500 km long and 200 km wide
offshore (1).

Various studies have been under way to un-
derstand the mechanism of occurrence of this
earthquake. For example, the Geospatial Infor-
mation Authority of Japan (GSI) has reported co-
seismic displacements on land, on the basis of
the dense Global Positioning System (GPS) net-
work (2). The largest displacement has been de-
tected at the Oshika peninsula (Fig. 1), amounting
to about 5 m toward east-southeast (ESE) and
about 1 m downward. The GSI also estimated
slip distribution on the plate boundary from the
observed displacements, and the maximum slip
was about 24 m near the hypocenter (2). Be-
cause the Oshika peninsula is located about 130
km away from the epicenter of the earthquake,
it is preferable to measure crustal movements
closer to the focal regions, that is, on the sea floor,
to better constrain the focal mechanism of the
event.

In order to monitor crustal movements off-
shore, we have been carrying out sea-floor geodetic
observations by using the GPS/acoustic combi-
nation technique (3–5) (fig. S1). Five sea-floor ref-
erence points were installed off the Tohoku region
between 2000 and 2004 (Fig. 1) with campaign

observations carried out three times a year on
average.

The latest observations before the event were
conducted in November 2010 at KAMS and
KAMNand in February 2011 atMYGI,MYGW,
and FUKU. After the event, we conducted obser-
vations at these sites for the period from 28March
to 5 April (6).

Comparison between before and after the
event yielded coseismic displacements of 5 to
24 m toward ESE and –0.8 to 3 m upward (Fig.
1, table S1). In particular, at MYGI near the epi-
center, we detected a huge coseismic displace-
ment of about 24 m toward ESE and about 3 m
upward. Observation errors after the event are
somewhat large (up to 50 to 60 cm) compared
with those in regular campaigns (up to several
centimeters) (6). The observed displacements
include any postseismic movements for about
20 days after the mainshock. They would also in-
clude coseismic displacements by foreshocks
and aftershocks (1), some of which are large
enough to affect these sites. However, a displace-
ment caused by each of them is estimated to be
a few tens of centimeters at most, and the total
amount other than that of the coseismic signal by
the mainshock is not larger than 1 m. Therefore,
these data illustrate huge coseismic movements
and its spatial variance by the mainshock just
above the focal region.

The horizontal movement at MYGI is more
than four times larger than that detected on land

and almost equal to the maximum slip on the
plate boundary inferred from terrestrial measure-
ments (2). Additionally, the horizontal displace-
ment at KAMS, located about 70 km northeast
of the epicenter, is as large as that at MYGI. There-
fore, it is reasonable to interpret that the areawhere
coseismic displacement is greater than 20 m spans
at least 70 km. These results suggest that slip on
the plate boundary near the trench exceeded the
20- to 30-m level estimated as a maximum by the
terrestrial data (2), because slip on the plate bound-
ary should be much larger than displacement of
the sea floor.

It is also evident that the up-down compo-
nents of displacement at MYGI and MYGW
show opposite polarity. Because the terrestrial
data exhibit subsidence (2), the polar reversal
of the vertical displacement from downward to
upward expected from the upper plate rebound
at the event occurred offshore. Thus, the hinge
line corresponding to null displacement is lo-
cated on the east side of MYGW.

With only five observation sites, we may not
be able to constrain the detailed feature of focal
mechanism, but we believe that the coseismic
displacements obtained offshore in this study
will provide far better constraints than only the
terrestrial data in inferring a fault model for this
event.
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Fig. 1. Horizontal (A) and vertical (B) coseismic displacements at the sea-floor reference points, asso-
ciated with the 2011 Tohoku-Oki earthquake. Red squares and a yellow star show locations of sea-floor
reference points and the epicenter, respectively. The position reference is Shimosato (an open triangle).
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 Sea Floor Geodetic Observation	


[Sato et al., 2011]	




39 teleseismic broadband P waveforms, 22 broadband SH 
waveforms, and 55 long period surface waves	
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Displacement Prediction vs. Geodetic Observation	

                        ------ USGS Model 	
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GPS data: preliminary solution (version 1.0) provided by the ARIA 
team at JPL and Caltech.	

Seismic data: 27 teleseismic P waveforms and 21 SH waveforms	


Displacement Prediction vs. Geodetic Observation	

                        ------ Caltech Model 	
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28 teleseismic broadband P waveforms, 25 broadband SH 
waveforms, and 54 long period surface waves 	
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Displacement Prediction vs. Geodetic Observation	

                        ------ UCSB Model [Chenji et al.] 	
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Model I:	

Slip model inversion 

with seafloor 
geodetic observation	


Model II:	

Slip model inversion 

using GPS only	


Assuming homogenous half-space: (Okada 1992) 	
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Coseismic displacement predicted by the inverted slip model	

 using only GPS observation	
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Coseismic displacement predicted by the inverted slip model	

 using both GPS observation and Sea floor geodetic measurement	
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Observation – model prediction	
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Figure 5. Orientation selectivity of the Slepian basis functions and the signal from the 12/26/2004 Sumatra-Andaman
earthquake. The ‘Level-2’ time-variable gravity spherical harmonic coefficients from the Gravity Recovery And Climate
Experiment23 (GRACE) were transformed via eq. (32) to the expansion coefficients in a circularly symmetric Slepian
basis of colatitudinal radius Θ = 10◦ and of bandwidth L = 60, centered on the northwestern tip of the island of Sumatra,
θ0 = 85◦ and φ0 = 95◦. A linear trend, annual and semiannual variations were removed prior to display. The monthly
varying contributions from the m = ±1 best-concentrated (α = 1) basis functions are shown after rotation of the basis
over the angles ω = 0◦,−30◦ and −50◦, respectively. The final rotation projects almost all of the energy of the signal onto
a single component. By this measure, the best-fitting estimate of the overall strike of the earthquake is N40◦W, which is
in good agreement with independent seismological observations of this complex rupture.35
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Example II: localization analysis for Sumatra Earthquake	




Maule earthquake ruptured over 500 
km along a mature seismic gap 
between 34oS and 38oS – the 
Concepción-Constitución gap, where 
no large megathrust earthquakes had 
occurred since the 1835 Mw ~8.5 
event. 	


Publisher Fault plane 
length 

Fault plane 
width 

Dimension 
of patches 

strike dip Top edge 
depth 

Data source 

MODEL I UCSB/USGS, Chen Ji 540km 200km 18x10 17.5o 18o 2.9km Tele-seismic waves 

MODEL II Lay et al. 2010 575km 180km 23x9 18o 18o 4km Tele-seismic waves (P&SH) 

MODEL III Tong et al. 2010 669.8 km 260km 34x13 16.8o 15o 2.6km InSAR and GPS 

MODEL IV Lorito et al. 2011 625 km 200 km 25x8 2o~30o 10o~22o 9km InSAR,GPS and tsunami 

Example III: localization analysis for Maule Chile Earthquake 



GRACE observation: 2010 Maule Earthquake�
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Time series of the Slepian coefficients	

[CSR monthly gravity field production release 04 ]	


GRACE detected coseismic gravity changes	

Using Slepian analysis	




GRACE is sensitive to Chile earthquake, 
Ok… Then what …? �

!

An example showing the sensitivity of gravity observation to 
faulting parameters	




Independent constrains from GRACE for  
faulting mechanism�

Comparison between observation & 
modelings of coseismic gravity changes	


!

“Simulated annealing” - Independently invert 
faulting parameters from GRACE 

observation	




Independent constrains from GRACE for  
faulting mechanism�

  estimated fault plane with length, width and depth of 445±40 km,162±20 km and 
4.4±1.0 km, respectively, and an estimated uniform slip of 7.9±1.0 m. Assuming a 
mean rigidity of 30 GPa, the GRACE-derived new total seismic moment is 
1.72x1022 Nm, resulting in Mw8.8, which is comparable to contemporary solutions 	


  if we assume the plate interface in Concepción-Constitución gap had remained 
fully locked for 175 years between 1835 and 2010, considering the plate 
convergence rate of 62～68 mm/yr, the slip is expected to be 11~12 m if the 
stresses accumulated in the Constitución gap were completely released during the 
2010 Maule event. The slip deficit between the GRACE estimate (7.9±1.0 m) and 
the full-plate-coupling expectation implies incomplete moment release. In other 
words, there should be still some unbroken coupling zones remain in 
Constitución gap. 	




Coseismic Gravity Gradients Observation 
and its Interpretation �

First row: Seismic model predicted total coseismic gravity gradients changes [in unit of miliEotvos], i.e., the 
summation of contribution from vertical displace on sea floor/Moho and from density change.	

Second row: GRACE observed coseismic gravity gradients changes.	

Why gravity gradients observation:	

  Better delineate the faulting zone, and help indicate the edges of the fault plane	

  More crust deformation then mantle deformation. 	

  Most valuable - Detailed slip distribution! which would greatly improve understanding about faulting	

      mechanism, and help cease controversies among various models	



